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The foundations of ergodic theory rely on ergodic theorems due to von Neu-
mann, Birkhoff, Kingman, Hopf among others, which ensure that the time averages
of a real valued function converge almost everywhere with respect to any invariant
measure, and that its average coincides with the space average of the observable
function. Among some more sophisticated ergodic theorems, for functions taking
values on non-abelian groups, one can find the celebrated Oseledets’ theorem for
matrix cocycles. In rough terms, it provides for each invariant measure an almost
everywhere defined invariant splitting and Lyapunov exponents, which are the natu-
ral extensions of the concept of eigenvectors and eigenvalues in the context of matrix
cocycles.

Although there exist a vast literature on the set of “non-typical" points in the
Birkhoff ergodic theorem (meaning those for which the Birkhoff averages do not
converge) there seem to be few contributions concerning Lyapunov “non-typical"
behavior (cf. [1, 3, 4]). In this talk I will report on recent contributions, obtained
in [2] concerning the Baire genericity and entropy of the set of points and directions
presenting Lyapunov irregular behavior. This problem turns out to be strongly
related to semigroup actions generated by continuous maps, acting on a compact
metric space, which do not satisfy any kind of specification property.
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