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Introduction

Definition (Word counting entropy)

For a = (ak)kez € {0,1}” we define the (Word counting) entropy as

. log|W,(a
hword(a) = nh—>ngo g‘ n ( )’7

where W, (a) := {(a,);:k”H; kel}.
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Delone sets

G o-compact locally compact Abelian group (o-cpt. LCA group).
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Delone sets

G o-compact locally compact Abelian group (o-cpt. LCA group).

79 RI, T9 .. Additive group of dyadic numbers Q5.

Remark (Basic Idea of dyadic numbers Q)
For (xk)j—_,, in {0,1}: n
Xn .. .X1.X0X(_1) .. -X(—m) = Z Xk2k.

—m
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Xn .. .X1.X0X(_1) .. -X(—m) = Z Xk2k.

—m

Z[1/2] := set of rational numbers with finite binary expansion as above.

R ‘completion’ of Z[1/2] with
respect to standard metric.
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Delone sets

G o-compact locally compact Abelian group (o-cpt. LCA group).

79 RI, T9 .. Additive group of dyadic numbers Q5.

Remark (Basic Idea of dyadic numbers Q)

For (xk)j—_,, in {0,1}: n
Xn .. .X1.X0X(_1) .. -X(—m) = Z Xk2k.
k=—m
Z[1/2] := set of rational numbers with finite binary expansion as above.
R ‘completion’ of Z[1/2] with Q2 'completion’ of Z[1/2] with
respect to standard metric. respect to 'mirrored’ metric.
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For (xk)j—_,, in {0,1}: n
Xn .. .X1.X0X(_1) .. -X(—m) = Z Xk2k.

Z[1/2] := set of rational numbers with finite bki;a_rr; expansion as above.
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Xn .. .X1.X0X(_1) .. -X(—m) = Z Xk2k.
k=—m
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Delone sets

G o-compact locally compact Abelian group (o-cpt. LCA group).

79 RI, T9 .. Additive group of dyadic numbers Q5.

Remark (Basic Idea of dyadic numbers Q)

For (xk)j—_,, in {0,1}: n
Xn .. .X1.X0X(_1) .. -X(—m) = Z Xk2k.
k=—m
Z[1/2] := set of rational numbers with finite binary expansion as above.
R ‘completion’ of Z[1/2] with Q2 'completion’ of Z[1/2] with
respect to standard metric. respect to 'mirrored’ metric.
R, Q> field extensions of Q.
0.010101010101... ...01010101011.0
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Delone sets

G o-compact locally compact Abelian group (o-cpt. LCA group).

Additive group of p-adic numbers Q.

Definition (Delone set)
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Delone sets

G o-compact locally compact Abelian group (o-cpt. LCA group).
74 R9 T, . Additive group of p-adic numbers Q.

Definition (Delone set) Q @ Q

w C G uniformly discrete, whenever
there is an open neighbourhood
V C G such that {V + x; x € w} is

a disjoint family. ' @
- O,
© o

June 16, 2021 4/12
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Delone sets

G o-compact locally compact Abelian group (o-cpt. LCA group).

79 RI, T9 .. Additive group of p-adic numbers Q.

Definition (Delone set)

w C G uniformly discrete, whenever
there is an open neighbourhood

V C G such that {V + x; x € w} is
a disjoint family.

w C G relatively dense, whenever
there is a compact subset K C G
such that J, . (K +x) = G.

XEW
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Delone sets

G o-compact locally compact Abelian group (o-cpt. LCA group).
74 R9 T, . Additive group of p-adic numbers Q.

Definition (Delone set)

w C G uniformly discrete, whenever
there is an open neighbourhood

V C G such that {V + x; x € w} is
a disjoint family.

w C G relatively dense, whenever

there is a compact subset K C G
such that J, . (K +x) = G.

w C G Delone, whenever w uniformly
discrete and relatively dense.

XEW
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Patches of a Delone set

Definition (Patches)

Let w C G be a Delone set. For compact subsets A C G we define the set
of A-patches as

Pat,(A) :={(w—g)NA; g € w}.
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Patches of a Delone set

Definition (Patches)

Let w C G be a Delone set. For compact subsets A C G we define the set
of A-patches as

Pat,(A) == {(w — g) N A; g € w}.

Aby 2
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Finite local complexity

Definition (Patches)
Pat,(A) :={(w—g)NA; g € w}
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Finite local complexity

Definition (Patches)
Pat,(A) :={(w—g)NA; g € w}

Definition (FLC)

w C G is called FLC (of finite
local complexity), if Pat,,(A) is
finite for all compact subsets
ACG.

Till Hauser ( FSU Jena ) Entropy in the context of aperiodic order June 16, 2021 6 /12



Finite local complexity
Z C R is a FLC Delone set.

Definition (Patches)
Pat,(A) :={(w—g)NA; g € w}

Definition (FLC)

w C G is called FLC (of finite
local complexity), if Pat,,(A) is
finite for all compact subsets
ACG.

Till Hauser ( FSU Jena ) Entropy in the context of aperiodic order June 16, 2021 6 /12



Finite local complexity
Z C R is a FLC Delone set.

Definition (Patches)
Pat,(A) :={(w—g)NA; g € w}

Definition (FLC) {n+1/n;neZ\{0}} CR
wC G is called FLC (Of finite is a Delone set but not FLC.
local complexity), if Pat,,(A) is R T
finite for all compact subsets

ACG.

Till Hauser ( FSU Jena ) Entropy in the context of aperiodic order June 16, 2021 6 /12



Finite local complexity
Z C R is a FLC Delone set.

Definition (Patches)
Pat,(A) :={(w—g)NA; g € w}

Definition (FLC) {n+1/n;neZ\{0}} CR
wC G is called FLC (Of finite is a Delone set but not FLC.
local complexity), if Pat,,(A) is L
finite for all compact subsets
ACG. m
FLC Delone set:
e L B e (L o e s e
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van Hove sequences

Definition (Van Hove boundary)
For K, A C G compact:

OkA = (K+A)N(K+ G\ A),

(A+B:={a+b acAbe B}
A closure of A.)
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A closure of A.)
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van Hove sequences

Definition (Van Hove boundary)
For K,A C G compact:

kA= (K+AN(K+G\A),

(A+B:={a+b;acAbe B}
A closure of A.)

Definition (Van Hove sequence)

Sequence (Ap)nen of compact

subsets with lim, % =0

for any K C G compact.

(XA Haar measure of G)
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van Hove sequences

Definition (Van Hove boundary)
For K,A C G compact:

OkA = (K+A)N(K+ G\ A),

Definition (Van Hove sequence)

Sequence (Aj)nen of compact
subsets with lim,_,~ )‘E\‘?’;‘?)") =0

for any K € G compact.
(A Haar measure of G)
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van Hove sequences

Definition (Van Hove boundary)
For K,A C G compact: (Bn(0))nen in R w.r.t. any metric

— |induced b _
kA = (K +A)N (K + G\ A), induced by a norm

Definition (Van Hove sequence)

Sequence (Aj)nen of compact
subsets with lim,_,~ )‘E\‘?’;‘?)") =0

for any K € G compact.
(A Haar measure of G)
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Definition (Van Hove boundary)

For K,A C G compact:
OkA:=(K+A)N(K+G\A),

Definition (Van Hove sequence)

Sequence (Aj)nen of compact
subsets with lim,_,~ )‘E\‘?’;‘?)") =0

for any K € G compact.
(A Haar measure of G)

(Bn(0))nen in R w.r.t. any metric
induced by a norm.

(B1(0))nen in Z9 w.r.t. any restr.
metric induced by a norm on R,
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for any K € G compact.

0

(A Haar measure of G)
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with discrete metric.

June 16, 2021

8/ 12



van Hove sequences

Definition (Van Hove boundary)

For K,A C G compact:
OkA:=(K+A)N(K+G\A),

Definition (Van Hove sequence)

Sequence (Ap)nen of compact

subsets with limp_soo )\E\a(ﬁf)") _

for any K € G compact.

0

(A Haar measure of G)

Any o-cpt. LCA group allows for
a metric s.t. (B(0))nen is a van
Hove sequence.

(Bn(0))nen in R w.r.t. any metric
induced by a norm.

(B1(0))nen in Z9 w.r.t. any restr.
metric induced by a norm on R,

(Bn(0))nen in Qp w.r.t. metric
induced by absolute value.

NOT (Bx(0))nen in Z if equipped
with discrete metric.
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Patch counting entropy

Choose metric d such that (B,(0))nen is @ van Hove sequence in G.
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Patch counting entropy

Choose metric d such that (B,(0))nen is @ van Hove sequence in G.

Definition (Patch counting entropy)

We define the patch counting entropy of a FLC Delone set w C G as

o log | Pat,,(B,(0))]
pac(ww) := lim sup === 63
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Patch counting entropy

Choose metric d such that (B,(0))nen is @ van Hove sequence in G.

Definition (Patch counting entropy)
We define the patch counting entropy of a FLC Delone set w C G as

o log | Pat,,(B,(0))]
pac(ww) := lim sup === 63

Theorem (J. Lagarias, 1999)
hpat(w) < oo for FLC Delone sets in RY.
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Delone action and topological entropy

Definition (Delone action )

For w Delone set in G:

m,: G xX X, = X,
Ww(gag) :£+g

X, ={w+g ge G}A(G),

A(G) :={A C G closed}
with 'local rubber topology'.
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Delone action and topological entropy

Consider a van Hove sequence
(An)nen and a Delone set £ in G.

Definition (Delone action )

For w Delone set in G:

m,: G xX X, = X,

ﬂ—w(ga{) :€+g
. : A(G) For action 7 of G on cpt.
Xy ={w+g; ge G} ' Hausdorff space X:
A(G) :={A C G closed} log N(Uena,)

with 'local rubber topology'. i) = Szljp Ii;n_)sotip AAn)

Definition (Top. entropy)
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Delone action and topological entropy

Remark

Definition (Delone action )

Consider a van Hove sequence

F Del tin G:
or L elone set in (An)nen and a Delone set £ in G.

Tw: G X Xy = Xy,
g, E) = £+ g Definition (Top. entropy)

. : A(G) For action 7 of G on cpt.
Xy ={w+g; ge G} ' Hausdorff space X:
A(G) := {A C G closed} ' _ log N(Uena,)
with 'local rubber topology'. h() = suplim sup AAn)

U n—o00

N(U) = minimal cardinality of subcover of U
UFr common refinement of m=8(U) for g € F.
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Delone action and topological entropy

Remark

Definition (Delone action )
Consider a van Hove sequence

(An)nen and a Delone set £ in G.

For w Delone set in G:

Tw: G X Xy = Xy,
g, E) = £+ g Definition (Top. entropy)

. : A(G) For action 7 of G on cpt.
Xy ={w+g; ge G} ' Hausdorff space X:
A(G) := {A C G closed} ' _ log N(Uena,)
with 'local rubber topology'. h() = suplim sup AAn)

U n—o00

N(U) = minimal cardinality of subcover of U
UFr common refinement of m=8(U) for g € F.

Theorem (T.H. and F. M. Schneider)

Notion is independent from the choice of & and (Ap)nen
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Beyond the compactly generated case

Theorem (M. Baake, D. Lenz,

C. Richard, T. H.)
If G is compactly generated then

(log | Pat,(Bn(0))| ) .

A(B»(0))

converges to h(m,).
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Beyond the compactly generated case

Theorem (M. Baake, D. Lenz,

C. Richard, T. H.)
If G is compactly generated then

<|og | Pat,(Bn(0))| ) -

A(B»(0))

converges to h(m,).

Example (H. 2020)

There exists a FLC Delone set
w C Q7 such that

< log | Pat,,(Bnr(0))| )
A(Bn(0)) neN

does not converge.
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Beyond the compactly generated case

Example (H. 2020)

Theorem (M. Baake, D. Lenz,

C. R|chard, T.H.) There exists a FLC Delone set

If G is compactly generated then w € Q2 such that

<|0g | Patw(B,,(O))]) <Iog | Patw(Bn(O))l>
A(Bn(0)) neN A(Bn(0)) neN

converges to h(m,).

converges to log(2), while
h(m,) = 0.

Example (H. 2020) Example (H. 2020)

There exists a FLC Delone set There exists a FLC Delone set

w C such that
cQ w C Q> such that

log | Pat,,(Bs(0))] og | Pa
< )\(Bn(o)) >n€N <| : |§(;‘:E§)n)(0))|>nel\l

does not converge.

converges to co.
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Remark (Setting)
Let G be a o-cpt. LCA group.

Till Hauser ( FSU Jena ) Entropy in the context of aperiodic order June 16, 2021 12 / 12



Remark (Setting)
Let G be a o-cpt. LCA group.

Theorem (M. Baake, D. Lenz,

C. Richard, T. H.)

Consider a FLC Delone set w in G
that is 'pure point diffractive’. If G
is compactly generated then

(log | Paty,(Bn(0))| ) .

A(B»(0))

converges to 0.
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Remark (Setting)
Let G be a o-cpt. LCA group.

Theorem (M. Baake, D. Lenz,
C. Richard, T. H.)

Consider a FLC Delone set w in G

that is 'pure point diffractive’. If G
is compactly generated then

( log | Pat,,(B,(0))] )
A(Bn(0)) neN

converges to 0.

Theorem (H. 2021)

For any p.p.d. FLC Delone set w in
G there holds h(m,) = 0.

Till Hauser ( FSU Jena ) Entropy in the context of aperiodic order June 16, 2021 12 / 12



Current work

Remark (Setting)

Let G be a o-cpt. LCA group.

Theorem (M. Baake, D. Lenz,
C. Richard, T. H.)

Consider a FLC Delone set w in G

that is 'pure point diffractive’. If G
is compactly generated then

( log | Pat,,(B,(0))] )
A(Bn(0)) neN

converges to 0.

Theorem (H. 2021)

For any p.p.d. FLC Delone set w in
G there holds h(m,) = 0.

Conjecture (H. 2021)

There exists a p.p.d. FLC Delone

set w C Q such that

<|og | Paty,(Bn(0))] > .

A(B»(0))

does not converge.
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Conjecture (H. 2021)

Remark (Setting)

Let G be a o-cpt. LCA group. | There exists a p.p.d. FLC Delone
Theorem (M. Baake, D. Lenz, set w & Q2 such that

C. Richard, T. H.) <'og|Patw(Bn(0))|>
Consider a FLC Delone set w in G A(Bn(0)) nEN

that is 'pure point diffractive’. If G
is compactly generated then

( log | Pat,,(Bn(0))| )
A(Bn(0)) neN

does not converge.
Conjecture (H. 2020)

For any r € [0, 0] there exists a
p.p.d. FLC Delone set w C Q>
converges to 0. such that
Theorem (H. 2021) <'0g | Patw(Bn(O))l>

neN

For any p.p.d. FLC Delone set w in A(Bn(0))
G there holds h(m,) = 0. converges to r.
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